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Abstract. Given a measured space X with commuting actions of two groups 
G and H satisfying certain conditions, we construct a Hilbert C* (-H')-module 
£(X) equipped with a left action of C*{G), which generalises Rieffel's con- 
struction of inducing modules. Considering a semisimple Lie group G and a 
parabolic subgroup P with Levi component L = MA and Langlands decom- 
position P = MAN, the Hilbert module associated to X = G/N encodes the 
P-series representations of G coming from parabolic subgroups associated to 
P. We provide several descriptions of this Hilbert module, corresponding to 
the classical pictures of P-series. We then characterise the bounded operators 
on £{G/N) that commute to the left action of C*{G) as central multipliers 
of C*(L) and interpret this result as a globalised generic irreducibility theo- 
rem. Finally, we establish the convergence of intertwining integrals on a dense 
subset oiS{G/N). 



1. Introduction 

In [l^, M. A. Rieffel developed a general theory of induced representations for 
C*-algebras by means of Hilbert modules. Namely, in the special case of group 
C*-algebras, given a closed subgroup H oi a locally compact group G, his con- 
struction yields a C*(i/)-Hilbert module E'fi equipped with an action of C*(G) by 
bounded operators. This module contains all representations induced from H to G, 
in the sense that, for every representation {p,Ti.p) of H, there exists a map between 
'■^C'iH) and the space of Ind^ p, that preserves the scalar products on these 
Hilbert spaces, and intertwines the actions of G*(G). Another feature of [17] is 
the expression of Mackey's Imprimitivity Theorem through the Morita equivalence 
between C*{H) and Co{G/H) x G. 

P-series. In this work, we are interested in a particular type of induced repre- 
sentations of semisimple Lie groups. Let G be a Hnear connected semisimple Lie 
group with finite center, and P a cuspidal parabolic subgroup of G, with Langlands 
decomposition P ~ MAN. We denote by Md the discrete series of M and A the 
unitary dual of A. 

Definition 1. The P-series representations of G are the representations of the 
form 



Indp cr (g) X (8) 1, 



where a € Md and x G ^• 



Key words and phrases. Group C*-algebras, Hilbert modules, induced representations, 
semisimple Lie groups, parabolic induction, principal series representations. 
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These representations play a key role in the Plancherel formula for G, estab- 
lished by Harish-Chandra in [7], that is in the description of the reduced dual Gr 
as a measured space. Among the facts involved in that description, which will 
be explained in greater detail below, it is shown that P-series representations are 
generically irreducible [8], and that the families Gp of classes of irreducible P-series 
representations are in fact parametrised by the conjugacy classes of Levi compo- 
nents L = MA of the cuspidal parabolic subgroups P. In view of these facts, it 
appears that properly describing P-series representations within the Hilbert mod- 
ules setting should involve modules over G*{L) rather than over G*(P), as Rieffel's 
theory permits. We will obtain such objects in Section [31 as a special case of the 
general construction of Section [21 dealing with group actions on a measured space 
satisfying certain hypotheses. Section [4] is devoted to providing different pictures of 
these modules, reflecting some classical porperties of P-series representations, while 
in Section [5] we prove a global analogue to the irreducibility theorem of Bruhat and 
Harish-Chandra by characterising some bounded invariant operators. Another ap- 
plication of this point of view is given in Section [6l where we prove the convergence 
of intertwining integrals. 

As will be explained in Section [7l the modules discussed here also constitute 
the framework for a global theory of intertwining operators, developed in order to 
study the reduced dual as a non-commutative topological space, that is to anal- 
yse the reduced G*-algebra G*(G) in terms of G*-algebras associated to the Levi 
components of certain paraboHc subgroups. 

General notations and preliminaries. We refer the reader to [9l[T0] and [15] for 

general facts about structure and representation theory of semisimple Lie groups, 
and to [13] for basic theory about Hilbert modules. 

If X is topological space, we denote by CdX) the space of compactly supported 
functions on X with complex values. If G is a locally compact group, we note 
dg a left Haar measure on G, and by Aq the corresponding modular function. 
The maximal and reduced G*-algebras of the group are respectively denoted by 
G*(G) and G*(G). If A is a G*-algebra and E,F are A-Hilbert modules, the set 
of bounded (adjointable) operators between E and F is denoted by Ca{E,F) or 
simply C{E, F), while the compact operators are denoted by ICa{E, F) or IC{E, F). 
In the case E = F, the set C{E) is a G*-algebra containing IC{E) as a two-sided 
ideal. 

We call multipliers of E the elements of C{A,E), also denoted M{E), where 
A is viewed as a Hilbert module over itself. The module E embeds in M{E) by 
associating to S P the map : a i — > ^.a on A, with adjoint map •). If P ~ A, 
we recover one of the classical equivalent deflnitions of the multiplier algebra of A, 
and Ai{E) is a Hilbert module over Ai{A). The construction giving M{E) is 
functorial and for T € C{E,F), we write M(T) : M{E) ^ M{F) the operator of 
left composition by T, with adjoint M{T*). For ^ e P and 77 G P, 

^{T.c,,,) {M{T).m^,m^) 

holds with inner products respectively taking values in P and A4{F). 

An example of elements in M{C*{G)) is given by extending left translations of 
compactly supported functions on G: for g G G, we denote by Ug the multiplier of 
C*(G) defined by Ug.f ^ fig-'-) for any / € Ge(G). 
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The results presented here are part of the author's doctoral dissertation [5], 
written under patient and careful advisory of Pr. Pierre Julg in Orleans. 



Let X be a locally compact topological space, G and H locally compact groups 
acting on X from the left and the right respectively. We assume that the actions 
commute and that the action of H is proper, hence implying local compactness of 
X/H. In what follows, we will also need a paracompactness assumption on X/H, 
which will always be satisfied in concrete examples, where X/H will turn out to 
be a compact manifold. Let us finally assume that X carries a G-invariant Borel 
measure and that /i is i?-relatively invariant with character 5x, meaning that 
the relation d^{g.x.h) = 5x{h)d^[x) is satisfied for any g e G, h e H. Prom the 
above data G r\ {X, fj.) -r^ H, we build a right C*(i/)-Hilbert module together with 
a left action of C*{G) by bounded operators. This module will be obtained as the 
completion of CdX) with respect to an appropriate norm. Let us first describe the 
pre-Hilbert module structure on Cc[X) over the dense involutive subalgebra Cc(H) 
of C*{H). For any / G Cc{X) and ip G Cc(i?), define 



Notation 1. The map H M.*^_ defined by S^Aj^^ will be denoted 7x,ff or shortly 
Jx when no confusion is likely to arise. 

Proposition 1. For f,g (z Cc{X) and h G H, let 



The map thus defined on CdX) x Gc{X) is a Cc{H)-valued inner product on Cc{X). 

Proof. Let f,g G Cc{X) and ip G Cc{H). The relations {f,g)* = (gj) and 
{f^g.ip) ~ {f-,g)^ in C*{H) follow from straightforward calculations and the def- 
inition of jx,H- The positivity of (/, /) in C*(H) relies on the use of a Bruhat 
section for X over X/H: it is proved in that the paracompactness of X/H 
guarantees the existence of a nonnegative bounded continuous function on X 
such that Supp-i/; n K.H is compact whenever K is a compact subset of X, and 
ip{xh) dh = 1 holds for all x G X. Let (p, V) be a unitary representation of H, 
the scalar product on V being denoted by (•,•). The corresponding representation 
of C*{H) will still be denoted p. For ^,7/ G V, 



2. General construction 




for all a; G X. 





For u G Gc{H) and x e X, let Ux{h) = jx{h)u{x.h) for all h e H. Then, 
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{piif, gm, v)= 1^ ^{^) (/: * g.) (h) ipih)t v) dh dyi{x) 

(t) =jj{x)(^pCf:^~g,)tri)d^i{x). 

The above computations are justified by the fact that the support of 

a; (/x * 5x) {h) {p{h)C, v) dh 

is contained in Supp/.i? n Supp.g.iJ which has compact intersection with Suppi/'- 
Setting / = g in U]), it is clear that (/, /) is a positive element of Cc{H) C C*{H) 
and, taking p to be faithfull, that (/, /) = implies f ~ 0. □ 

Definition 2. For X, p and H as above, let £h{X, p) be the C*(if)-Hilbert module 
obtained by completing Cc{X) with respect to the norm ||/j| = \{f , f)\c.(^H) 
extending the action of Cc{H) to C*{H). 

Notation 2. When no confusion is likely to arise, this module will simply be 
denoted by £h{X) or £{X). 

Let us now describe the left action of C*{G). 

Proposition 2. Let X , p, H and G be as above. There exists a *-morphism 

G*iG)^CcHH) inx)) 

Proof. The action is first given at the level of the dense subalgebra Cc(G). For 
/ G Cc{X) and (j) € Cc{G), let 

/ c^ig)fig-'x)dg 

JG 

for all X G X. Thus defined, </>./ belongs to Cc{X) and Proposition [1] ensures that 
{4>.f,4>.f) is a positive element of G*{H). Let p be a state on C*{H), and the 
associated positive type Radon measure on H. Then the same computation as in 
the proof of Proposition [T] shows that 

P ((/i, /2)) = I^{.fu.f2){h) dvp{h) = 4>{x) [hi * /2.) {h) dvpih) dp{x), 

for /i,/2 G Cc{X), using the same notations as above. It follows that the map 
(/i,/2) J5((/i,/2)) provides an inner product on Cc{X). Consider the Hilbert 
space obtained from Gc{X) by completion with respect to the associated norm, 
denoted IMI(p)- Left translations yield a representation tt^ of G on this space and 
the G-invariance of p implies that np is unitary. Moreover, if g go in G, then 
TTpig)/ uniformly converges to T^p{go)f , while the supports remain in a fixed compact 
subset of X, so that tt^ is strongly continuous. Still noting TTp for the integrated 
form of this representation, we obtain that 

(/../)) = ikp(</>./)iijp) < ml'^G) hpU)\\l) = ml>(G)PiUJ))- 

Since this inequality holds for any state p of G* {H) , it follows that 

(,/)./, 0./) < 11011^.,^. (/,/) 
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in C*{H). Straightforward computations finally show that the left action of C*{G) 
commutes to the right action of C*{H), and {(f>-fi,f2) — (/i,0*-/2) so that C*{G) 
acts by adjointable operators and the map C*{G) Cc'(h) {^{X)) is a morphism 
of C* -algebras. □ 

Example 1. \i X — then by construction, the module £{G) is the induction 
module E'j^ introduced in [17] by Rieffel. 

Example 2. If iJ = {1}, then ~ L^(X, /i), with the regular representation 

of C*{G) coming from the action of G on X. 

Example 3. If X is reduced to a point, then £{X) may be identified to C*{H) 
considered as a Hilbert module over itself, C*(G) acting trivially. 

The last two examples are in fact extreme cases of the following result, which 
describes £{X) when X arises as the product of some topological space with the 
group acting on the right. This will also be the case in Section 1121 when deahng 
with quotients of the open cell of some Bruhat decomposition. 

Theorem 1. Let B he a paracompact Haus dor ff space with a Borel measure db and 
H a locally compact group. Consider X ^ B x H with the action of H given by right 
translations on itself and equipped with a measure of the form d^{b, h) = ri(h) dbdh 
where 77 is a continuous morphism from H to M*^_ . Then 

£{X)~ L^{B)®C*{H). 

Proof. First notice that the particular form of the action oi H 0x1 X implies that 
5x = whence 7x,ff = For {f,g) € Cc{B) x Cc{H) and {h,h) e X, let 

P{f,g){b,h) = r]{h)~'s f(b)g{h). Then P factorises through the algebraic tensor 
product Cc{B) (g) Cc{H) and the existence of a continuous partition of unity for B 
implies that the range of P is uniformly dense in Cc{X). Simple caculations show 
that P{f ® g* Lp) = P{f ® g).ip for any Lp £ Cc{H), proving Gc(i?)-Hnearity for P, 
and finally that 

{Pif®g),Pif®g)) = \\f\\lg*g 
in C*{H). We then conclude that P extends to an isometry between the Hilbert 
modules L^{B) ® C*[H) and E{X) with dense range, which ends the proof. □ 

Remark 1 . The previous proposition extends to the case where B x H is a subset 
of X such that ^{X \ B x H) = 0. In such a case, although the action of G 
on X might not restrict to an action on B x H, the isometry between £{X) and 
L^{B) ® C*{H) allows to define an action of C*{G) on the latter. 

3. The Hilbert module £{G/N) 

3.1. Setting and notations. In what follows, G is a connected semi-simple Lie 
group with finite center. Let K he a maximal compact subgroup in G, with Lie 
algebra t. The Lie algebra g of G admits Cartan decomposition g = J + p which 
determines a Cartan involution 0. Let g = t-|-ap +np be an Iwasawa decomposition 
of g and G = KApNp the corresponding Iwasawa decomposition of G. Now let 
Mp (resp. Mp) be the centraliser (resp. the normaliser) of Ap in K. Then the 
group B = MpApNp will be called the standard minimal parabolic subgroup of G. 
A closed subgroup P of G which is the normaliser of its Lie algebra and contains a 
conjugate of B will be called a parabolic subgroup. Let N be the unipotent radical 
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of P, that is the maximal connected normal subgroup of P consisting of unipotent 
elements. Then P admits a closed reductive subgroup L such that P = LN, 
diffeomorphically. Let ^ be a maximal connected split abelian subgroup in the 
center of L, and M = f]^ Ker |x| , where x runs over the continuous homomorphisms 
X ■ L ^ R* . Then L = MA. The group L is called the Levi component of P and 
the decomposition P = {M x A) t< N is called the Langlands decomposition of P. 
Respectively denoting a and n the He algebras of A and A^, it is possible to choose 
an ordering on the a-roots such that n is the sum of the root-spaces associated to 
positive roots. Denoting q\ the root-space associated to a root A, let p be the half 
sum of positive roots counted with multiplicity: p = \ Sa>o 'i™(gA)A. Since N is 
nilpotent and L is reductive, they are both unimodular and the Haar measure dp 
on P = L tK N decomposes into dp = dldn. Finally, let n denote the image On of n 
under the Cartan involution and N be the corresponding analytic subgroup. 



3.2. The module E(G/N). The central object in this paper is the Hilbert module 
obtained by performing the construction of the previous section in the case of Lie 
groups G and L satifying the above assumptions, acting on X = G/N . As a 
consequence of Iwasawa decomposition, it is possible to write G — KM AN. Notice 
that M n MAN — K n M is compact, and that the parts of the decomposition of 
an element in G relatively to KM, A and N are unique. Also using smoothness 
of the Iwasawa decomposition, it follows that the right action of L on G/N is free 
and proper. The coset space {G/N)/L identifies to the fiag variety G/P, hence is 
a compact manifold. Since N is nilpotent and G semisimple, these groups are both 
unimodular. It implies the existence of a unique up to normalisation G-invariant 
measure p on G/N. Exploiting the choice of a maximal compact subgroup K of G 
and, once again, the decomposition G ~ KP and the fact that N is normal in P, we 
may identify G/N to K x M x A as a topological space, and p to e'^''^°^^°-^dk dm da. 

The last identification immediately implies L-relative invariance for p and allows 
to compute 6g/n- We recover these facts below, without using any choice of a 
maximal compact subgroup. In order to do so, let us first recall some classical 
notation. 

Notation 3. Following [3], if F is a topological group and a £ Aut(F), the modular 
function of a, denoted mod'"(cr), or mod((T) when no confusion is likely to happen, 
is defined by the equality, Jp / o cr = mod(cr)~^ /p /, holding for any integrable 
function /. Now if F is a subgroup of a bigger group F' and g £T' normalises F, 
we write Cg(7) = gjg~^ for every 7 S F. In the case of an inner automorphism 
of r, it follows from the definitions that modF{c-y) = Ar(7~^). 

Proposition 3. The unique G-invariant measure p on G/N is relatively invariant 
with respect to the right action of L and Sg/n{1) = 6^'''°^'"' for I = ma G L. 

Proof. We first prove that (5g/7v(0 = niod^(c/) for any I = ma e L. For / inte- 
grable function and g the class in G/N oi g E G, define F{g) ~ fign) dn so that 
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our normalisations of Haar measures give Jq f ~ Ig/n ^ Thus, 
Sg/n{1) f f{g)dg = / F{gl-')d^l{g)^ [ [ f{gl-'n)dndfi{g) 

JG JG/N JG/N JN 

= mod(c/) / / f{g?ir^)dndfi{g) ^mod{ci) / f{gl)dg 

JG/N JN JG 

= mod(c/) / f{g)dg, 

JG 

hence the first part of the result and the expected equality. The rest of the proof 
reduces to the classical Lie algebra computation leading to the modular functions 
of parabolic subgroups. Identifying TV to its Lie algebra via the exponential map, 
we need to compute the jacobian determinant |det(Ad(Z)|n)|. The properties of 
Langlands decomposition imply that AI is the product of a closed subgroup of K, 
hence compact and a connected reductive group with compact center. It follows 
that |det(Ad(m)|n)| = 1 for any m G M. Finally, an element a £ A acts on the 
root space Sx by e'^'°s(o)^ go that |dct(Ad(a)|n)| = e2''i°s(°), which concludes the 
proof. □ 

Let us now turn to the properties of £{G/N), starting with the fact that it is 
adapted to the description of the P-series representations. 

3.3. Specialisation. As explained in Section[Tl it is possible to recover the partic- 
ular induced representations by tensoring Rieffel's module with the Hilbert space 
of the inducing representation. That specialisation procedure is still available using 
the C*(i)-module £{G/N). The existence of the corresponding maps essentially 
relies on the following result, relating £{G/N) to Rieffel's module £{G). 

Proposition 4. There is an isometric isomorphism of C* {L) -Hilbert modules 

£l{G/N)~£p{G)®C*{L), 

that intertwines the left actions of C*(G) on both sides. 

Proof. Let Mm denote the averaging map defined by MN[f)[g) ~ fign) dn for 
any function / in Cc{G) and g G G/N the class oi g & G. A similarly defined map 
on CciP) extends to a surjection en : C*{P) ^ C*{L). Let a G Cc{P) C C*(P), 
and / G Cc{G) C £{G). Using the decomposition of measure dp = dldn it is easily 
seen that 

{*) MNif.a) = MNif).SN{a) 

in £{G/N). Now for l = maeL, 



Then it follows from a straightforward computation that 

(**) (A/Ar(./l), MN{f2))s(G/N) = £N ((/l, f2)s(G)) 

in C*{L) for every /i, /2 G Cc{G). Recall that the C*(L)-valued inner product on 
f (G) (X) G*{L) is defined on elementary tensors by 

(/l «) <fl,f2 <f2) = {fl,£N ((/l,/2>£(G)) f2)c'{L) = fl^N ((/l, /2)f (G)) f2- 
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Let A be defined on Cc{G) x Cc{L) by A{f,ip) = MN{f).ip. Equality ^ proves 
that A factorises through Cc{G) (E) Cc{L), while implies that 

{A{fi (g) ipi),A{f2 (E) IP2))£{G/N) = (/l «) <^l,/2 «) 'i32)£(G)«.C*(L)- 

Since Mn is onto, it follows that A also has dense range and the above equality 
shows that it extends to the expected isometric isomorphism. □ 

Remark 2. The modules £{G/N) were introduced in |16j by F. Pierrot under 
the tensor product form of the above statement. The interest of the approach to 
£{G/N) as a special case of the general construction of SectionOis so far two-fold: 
first, it leads to the convenient reaHsation oi£{G/N) given in Theorem [3] through 
the use of the general result describing £{X) when X — B x H (Proposition [1]) . 
Another interest of seeing £{G/N) as a completion of Cc{G/N) is that it makes it 
possible to directly define intertwining integrals similar to the ones considered by 
A. W. Knapp and E. M. Stein in [IIl[l2] without needing any of the meromorphic 
continuation argument used by these authors, as will be seen in Section [6l 

Let us now estabHsh the existence of specialisation maps. 

Corollary 1 (Specialisation). For (fi, x) e Af x A, let Ti-a^x Hilhert space of 

the representation cr (X) x (S) 1 of P, and 7i^,x space of the induced representation 

TT^^ = Indp cr (g) X 1- 

There exists a map 

unitarily intertwining the actions of C*{G) on these Hilhert spaces. 

Proof. Associativity of the tensor product allows to reduce the proof to applying the 
similar result obtained by Rieffel in the case of classical induction Hilbert modules. 
Proposition |4] provides a unitary equivalence 

£l{G/N) (Ec'iL) ^-®x - (^p(G) ®c*(P) C*{L)) <g> n^^x- 

The result follows from composing this isomorphism with the speciaHsation maps 
of [I7] (Theorem 5.12, p. 228). □ 

Remark 3. Considering the case of a cuspidal parabolic subgroup P and letting a 
run over Md shows in particular that the module E(G/N) 'contains' all the P-series 
representations of G. 

We now turn to other realisations of £{G/N), encoding some classical features 
of P-series representations. 



4. Different pictures 
Notations in this section are the same as in the previous one. 
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4.1. Induced picture. According to the traditional definition, essentially due to 
G. Mackey for locally compact groups, induced representations act on spaces of 
sections of equivariant fiber bundles. In particular, for (cr, x) S x A, the P- 
series representation tt^^ acts on the space of L^-sections of the fiber product 
GXo-®xi»i^o-i»x'»i o'^^'^ the fiag manifold G/P. The trivial behaviour of the inducing 
parameter on N allows to consider sections of the G-equivariant bundle 

G/N Xct®x T^cr^x 



G/P 

as the space of tt^^. In order to recover that point of view within the global 
approach provided by the module £{G/N), it is tempting to realise it as a space of 
sections of the G-equivariant bundle 

G/NxlC*{L) 



G/P 

where G*(L) can be viewed as the collection of all the Hilbert spaces 1~L(y®x®^' This 
realisation will be called the induced picture of £{G/N). 

Let us denote by £° the space of compactly supported continuous functions 
F : G/N ^ C*{L) subject to the relation 

F{x.l) = e'''°s('^)[/,-i.F(x) 

for any x € G/N and I = ma e L, on which C*(L) acts by right multiplication. 
Let ■(/' be a Bruhat section for the action of L on G/N, as defined in the proof of 
Proposition [TJ The existence of follows from the (para) compactness of the coset 
space {G/N)/L ~ G/P. We then define a G*(i)-valued inner product on £° by 
defining 

{FuF2)^^ [ Fiix)* F2{x)^P{x) dfiix) 

J G/N 

for Fi,F2 e £°. The problem of the dependence on ip is settled by the following 
result. 

Lemma 1. The map (•,-)^, defined above does not depend on the choice of the 
Bruhat section ip. 

Proof. Let Vi and V2 be two Bruhat sections on G/N and u = i/'i — -02. For 
X € G/N be represented by kma G KM A, the relation satisfied by any functions 
Fi,F2 G £° implies that Fi{x)*F2{x) = e'^P^"^^''^ Fi{k)* F2{k) . It follows from 
Iwasawa decomposition of measure that 

/ Fi{xY F2{x)u{x) d^l{x) = [ Fi{kma)*F2ikma)e^P^°s^''Ukdmda 

J G/N JkxMA 

= [ Fi{k)* F2{k) dk [ u{kl)dldk 
Jk Jl 

The last quantity is zero since u{kl) dl ^ for all k K by definition of ipi and 

ip2. It follows that {Fi,F2)^, = {Fi,F2)^^. □ 
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Notation 4. As a consequence of the above lemma, we can denote without am- 
biguity (•,•); the sesquilinear form on £°, regardless of the Bruhat section used to 
construct it. 

Definition 3 (Induced picture). The space obtained by completing E° with respect 
to the norm induced by and denoted Ei is called the induced picture of 

£{G/N). 

The C* (i)-module £i carries a left action of C* (G), defined by convolution at the 
level of compactly supported functions, in the same way as the one of Proposition 

m 

Proposition 5. The map f ^ f defined on the dense subset Cc{G/N) of £{G/N) 
by 

f{x){l) = e'"°s('^)/(x.O 
for X G G/N and I — ma e L, takes values in E° . It is CcXL)-linear and preserves 
the C* {L) -valued inner products. 

Proof Let / G Cc{G/N), x e G/N and lo = moUo, I = ma e L. Then f{x) £ C^{L) 
and f{xl){lo) = eP^°eiaa)f(^^ii^y si^ce 

Ui-lfix)] (lo) = fixKlk) = eP'°siaao)f^^ll^-^^ 

the expected relation f{xl) = e^'''°s(°'j7/-i/(x) holds, implying that / € £°. The 
Cc (i)-linearity follows from a straightforward computation. We prove the isometry 
property: for /i, /2 e C^G/N), 



{flJ2)^ilo) = e^'^sf"") / / fl{x)il)f2{x)iUo)dl^ix)d^lix) 

J G/N J L 



ePiog(ao) / / e^P^°^'^'''^fi{xl)f2{xllo)i^{x)dldii{x) 

J G/N J L 



ePlog(ao) / f,{x)f2{xlo) / ^{xl'^)dld^i{x) 
J G/N 



= {flj2)£{G/N){k) J i^{xl)dl = {fij2)£(G/N){h) 

where -0 is any Bruhat section on G/N. □ 

The map of the above statement has dense range in £i, as we see by considering 
F e 8° such that F{x) S Cc(L) for x € G/N: then F = u where u : x ^ F{x){l). 
The properties of C*(L)-sesquilinearity and positivity of (•, can be obtained as 
consequences of the previous proposition, and the following theorem holds as an 
immediate corollary. 

Theorem 2. There is an isometric isomorphism of C* {L)-Hilbert modules 

£(G/iV)~£,. 

Moreover, the left action of C*{G) on Ei given by convolution coincides with the 
one obtained by transporting it from £{G/N) via this isomorphism. 

Remark 4. It is clear from the definition and Iwasawa decomposition that func- 
tions in £° are determined by their restriction to K. It makes it possible to obtain 
a compact picture o{E{G/N) as the completion of a space of functions K C*{L). 
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4.2. Open picture. The classical open or noncompact picture of P-series rep- 
resentations (see [^) presents the nice feature that it allows to reaHse all these 
representations on Hilbert spaces which do not depend on the representation a of 
M in the inducing parameter. The main structural fact involved in this realisation 
is the following consequence of Bruhat decomposition of G (proved for instance in 

my- 

Proposition 6 (Open Bruhat cell). The set NMAN is open in G and its comple- 
ment has Haar measure 0. 

This fact enables us to describe £{G/N) as the tensor product of a Hilbert space 
and the right-acting C*-algebra, using Theorem [TJ 

Theorem 3 (Open picture). There is an isometric isomorphism of C* (L) -Hilbert 
modules 

E{G/N)~L'^{N)®C*{L). 

Proof. It is a straightforward consequence of Theorem [1] and Remark [1] applied 
to B = N and H ~ L, for NL has measure in G/N . More precisely, a dense 
submodule of E{G/N) is obtained by considering functions of the form 

F : nma i — > e"'''°s('''/(")<^(™a), 

where / € Cc(iV) and ip e CdL). □ 

In the two following sections, we turn to applications of the point of view provided 
by the module £{G/N) on P-series. Section [5] is devoted to the description of 
bounded self-intertwiners of £ (G/N), giving an irreducibility result and we establish 
in Section [6] the convergence of intertwining integrals on a dense subset of £ (G/N). 

5. The irreducibility theorem 

5.1. Groups of real rank 1. From now on, we shall assume that the real rank of 
G, that is the dimension of the abehan part in the Iwasawa decomposition of G, 
is 1. As a consequence, proper parabolic subgroups of G are necessary minimal. 
With our previous notations, we thus consider P = B, with subgroups in its Lang- 
lands decomposition M = Mp compact, A ~ Ap isomorphic to R!j_ and N = Np. 
Besides the discrete series, obtained by paraboHc induction when G, considered as 
a paraboHc subgroup of itself, is cuspidal, the only P-series are the B-series, also 
called principal series. We also denote: 

• a the smallest restricted root of (g : a) 

• p and q the respective dimensions of Q-a and Q-2a 

It follows that n = Q-a + Q~2a and p = \[p + 2q)a. The automorphisms 
(ca , a G A) of N are called dilations. 

The Weyl group W = Nk{A)/Zk{A) contains exactly one non-trivial element, 
denoted w, and the Bruhat decomposition of G writes G = PwP U P, so that the 
complement of NMAN in G is the class wP of w in G/P. 

Notation 5. Elements in the dense subset {G/N) \ wL can be written according 
to NMA in a unique way. For such an element this decomposition will be denoted 

g = n{g)m{g)a{g)n. 

We also denote l{g) = m{g)a{g). 
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The technical aspects of what follows essentially consist of analysis on the space 
N on which A acts as a one-parameter group of dilations. The main tool to handle 
this situation is a particular function, taking into account the fact that an element 
in A acting on N identified to its Lie algebra fi, dilates vectors in different root 
spaces with according coefficients. 

Definition 4. The norm function on N is the function defined on TV \ {1} by 

\fi\ = eP^°sa{w^''fi) 

Elementary facts about this function can be found in [ll] and [5]. In particular, 
it will be useful to know that the norm function is C°° on iV\{l} and is continuously 
extended to N by setting |1| = 0. Moreover, \n~^\ — \n\ for any n G N and the 

dn . . . , ,-, ■ 

measure 7^ is invariant under dilations. 

\n\ 

Another feature in real rank 1, is the possibility to completely describe the left 
action of C*(G) in the open picture of £{G/N). The action is initially defined 
by convolution at the level of Cc{G/N) and carried to L'^{N) (g) C*{L) via the 
isomorphism of Theorem [31 One may also consider the corresponding action of G 
defined by translations on Cc{G/N) and extended to £{G/N). The next proposition 
describe this action in the open picture. For f ® ip € LF'{N) ® C*{L) and g G G, 
we write g.f ^ ip for the action of G imported from the one on £{G/N). With the 
real rank 1 assumption, Bruhat decomposition proves that it is enough to consider 
g € NMA and g = if. 

Proposition 7. Let f (g) ip e L'^{N)(g)G* (L) , uq e N and Iq = moaa e MA. Then, 

• fio-if ®(p) = Ajv(n.o)(/) ® f 

• For any iy e N \{1} and X e L, 

w.{f ®Lp) = |i|/(ri,(w"ip)) (C/i(,„-ip)<rf9) (A). 

Proof. It directly follows from the form of the isomorphism in Proposition [3l □ 

Let us now turn to the main result of this section. 
5.2. Bounded self-intertwiners. 

Definition 5. Let A be a C* -algebra. An element M in the multiplier algebra 
Jv[[A) — Ca{A) is said to be central if it satisfies the relation 

M{ah) = aM{h) 

for any a,b <E A. 

Remark 5. Using approximate units proves that the algebra of central multipliers 
of A coincides with the center of M {A) . 

Theorem 4. The elements of Cc'(l){£{G /N)) which commute to the left action 
of C* (G) are exactly the central multipliers of C* (L) . 

The method of the proof consists in associating to such an operator a bihnear 
form on a submodule of test functions and study the properties of the associate 
distributional kernel. 
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In what follows, all distributions take values in Banach spaces. General theory 
may be found in [4j, as well as the next lemma, which characterises the distributions 
satisfying some invariance properties. 

Proposition 8. Let M be a differentiable manifold and T a Lie group with Haar 
measure dj. Let E be a Banach space and T an E -valued distribution on M x T . 
IfT is invariant under the transformations (rn,j) i— > (771,707), then there exists an 
E-valued distribution S on M such that 



where ip~^ : mi~^ v(™7 7) whenever if is a test function on M x F. 

Remark 6. As a special case, it follows that, up to a scalar factor, the only left- 
invariant distribution on a Lie group is the Haar measure. 

Proof of Theorem\^ The right action of C*{L) extends to one of M{C*{L)) on 
£{G/N) and if Tm denotes right multiplication by M G M{C*{L)), the centrality 
condition for M implies C* (L)-linearity for Tm- The fact that Tm commutes to 
the action of C*{G) is trivial, and boundedness follows from the existence of an 
adjoint map for Tm, namely Tm* ■ 

Conversely, let T G Cc'{l){£{G/N)), satisfying the centrality condition. Follow- 
ing notations introduced in Section[ll M{£{G/N)) denotes the A^(C*(L))-Hilbert 
module C{C*{L),E). 

We shall work in the open picture of Section [421 Since M.[£{G/N)) contains 
L'^{N) ®_M{G*{L)), there is an injection L'^{N) ^ M{E{G/N)) through which 
/ G L'^{N) is identified with the multiplier f ® l>f(c'(L))) ^-Iso denoted m/, so that 
'nrif^a = mfm-a, for any a G G*{L), once more using notations of Section [TJ It also 
follows that 

M(T){mf^a) = M{T){mf)ma, 
hence for /i (X) ai, /2 (8) 02 G £{G/N), 

Let us now consider the map Bt : CdN) x Cc(iV) A1(C*(i)) defined by 

BTifij2)^{M{T){mj^),mf,), 

and prove that it is a Radon measure on TV x TV. Let X be a compact subset in 
N X N, and /i, /2 G CdN) such that Supp/i x Supp/2 C K. Recall that if E is 
a Hilbert module over a C*-algebra A, the identity KC,??)!^ — MWi'^hV)^ holds for 
any S^,rj £ E, hence the following equality in M{C* {L)): 



It follows that ||Bt(/i,/2)|| < ||r||.||/i||2.||/2||2, where ||r|| denotes the operator 
norm of T, hence continuity of Bt with respect to the topology of uniform conver- 
gence on K. Consequently, Bt defines a distributional kernel fcr on iV x iV, so that 
it writes 



Since the left action of G on £{G/N) preserves the inner product, commutation of 
T to this action implies that BT{no.fi,no-f2) ~ ^t(/i, /2). 




|St(/i,./2)| < ||M(r)(m/J|l.|TO/J. 
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Applying the diffeomorphism (tt-i, 712) {n-^ "^?t-2, ^^2) of N x N and using Propo- 
sition [8] and Remark [6] we see that fc-r satisfies the equation 

kT{ni,n2) = kT{l,n^^n2). 

It follows that defining a distribution ct on N by crin) = kT{l,n) implies that 
/ct("-i, "-2) = CT(fi|j~^".2)- Invariance under the A action will allow us to characterise 
this distribution. Namely, the action of an element / = ma e i on an elementary 
tensor /(8)<p G L'^{N)®C*{L) is given by the formula l.f(g)(p = e'''°s(a)y □ cj (g) J7;.(/7 
of Proposition [71 

Commutation to the L action implies that StIi-Zi, 0-/2) = -Bt(/i,/2) for any 
a £ A. It follows that 

e-'^'^sf") / fi{ca{ni))f2{cain2))kTini,n2)dnidn2 

J NxN 

= e2'"°s('^) / fi{ni)f2{n2)kT{c-\ni),c-\n2))dnidn2 

JNxN 



/l('^l)/2(?^2) kT{ni,n2) dni dn2, 

I NxN 

the first equality resulting of mod^ (ca) = e~'^P^°^^°'\ As a consequence the distri- 
bution Ct satisfies the following invariance property: cricain)) = e~^''^°^'^'^^CT{n), 
that is, for any test function ip on N, 

it) {cT,'poCa) = {cT,f)- 

Proposition 9. // the real rank of G is 1, then the Radon measures on N satisfying 
relation ^ are multiples of the Dirac measure. 

Proof. Since iV is a simply connected nilpotent Lie group, it may be identified via 
the exponential map to its Lie algebra n = Qa ® 02a ~ M^* M*?, in a way that 
preserves measures and allows to identify spaces of test functions and distributions. 
Under these identifications, the action by dilations of A on iV is given on it in terms 
of a by Ca{n) ^ {a{a)u,a{aYv) for a € ^ and n£ N identified to {u,v) € Mp®M«. 
We denote by a.(w, u) this last expression. 

Denote r(u, v) ~ {WuW^ + \\v\\^) ^ for (u, v) e JR^QM' and let be the restriction 
of CT to the open subset ^ \ {1}. The function r is the Lie algebraic analogue of 
the norm function introduced above. For t G R+, we denote the surface of equation 
r(u,v) = t. Then, for a G A ~ M!^, we have r{a.{u,v)) = ar{u,v), and the map 

{u,v) I — > 7) 

r[u, V) 

is a diffeomorphism between iV\ {1} and R!j_ x 5*1. Fix ■00 G C^{Si). If (/? is a test 
function on R^, then (^(^Vo is in {RD (g) (Si) C C^{N\{1}) and the map 
if 1-^ (cy, ip(^ ipo) is a homogeneous distribution on Proposition [8] implies that 
(cSJn, ip® ipo) is of the form 

f~^°° dr 



r 

^0 



Because of the integral term, Cj, cannot be the restriction of a Radon measure as 
can be seen by considering an appropriate sequence of test functions. 
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It follows that the support of ct is reduced to {1}, so that ct is a combination 
of derivatives in the sense of distributions of the Dirac measure. The homogeneity 
condition finally proves that ct = (5i-1a^(c*(l)) up to a constant. □ 

According to the above result, there exists a multiplier U G M{C*{L)) such that 
CT = U6i. It follows that kT{ni,fi2) = f7.(5i(n^^n2), hence the following form of 
the bilinear form: 

Bt(/i,/2) = (/i,/2)l2 U 

As a consequence, for ai,a2 € C*{L), 

{M{T){mf^ ®ma^),m.f^ ® rUa^) = (/i,/2)l2 m*^ U nia^ 

= {h®U*{ai),f2®a2) 

in Jv[[C*{L)), and M{T) coincides with right composition by U* . This mal is 
C*(L)-linear only if U satisfies the centrality condition, which concludes the proof 
of Theorem [H 

□ 

Remark 7. In the special case of g = 0, the distribution ct is homogeneous of 
degree —p. If G = SL2(M) for instance, p = I and the problem reduces to the Euler 
equation on M, the solutions of which are known to be combinations of the Dirac 
measure 5q and the principal value distribution Vp (^). The latter being of order 
1, it is not the restriction of a Radon measure, which implies that ct ~ 5q up to a 
constant factor. 

The above result should be seen as the analogue at the level of Hilbert modules 
of the generic irreducibility theorem due to Harish-Chandra in the general cuspidal 
case, and to Bruhat in the minimal one. Indeed, the self-intertwiners reduce to 
what plays the role of scalars, that is the multipliers satisfying the extra centrality 
condition needed to make homotheties morphisms in this noncommutative context. 

6. Convergence of intertwining integrals 

The construction of intertwining operators achieved in [TT] to precisely detect 
reducibility phenomena in the cases that were not settled by Bruhat 's theory relies 
on a remark that certain integral formulas formally satisfy the required intertwining 
relations, although they are given by non-locally integrable kernels. The construc- 
tions then roughly proceeds in two steps. The first one consists in allowing the 
parameter in A seen as a subset of a' (g) C to take non-purely imaginary values. 
The corresponding integrals are then convergent and the operators are defined as 
meromorphic extensions. The second step consists in composing these operators, 
which, using Bruhat theory, produces some meromorphic scalar functions. These 
functions are related to densities in the Plancherel formula and the study of their 
poles allows to decide of the reducibility of induced representations. 

6.1. Preliminaries. The proof that the intertwining integrals are convergent on 
a dense subset of functions in E{G/N) will be carried out in the open picture. In 
order to obtain a convenient expression, we first need to establish some formulas, 
relating the action of G on the compact fiag manifold G/P to the action on -ZV, by 
means of the decomposition of almost all of G according to NMAN. The following 
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lemma should be seen as the expression of translations by G in G/P, composed 
with the 'stereographic projection' of G/P on the euclidean space 

Lemma 2. Let g e G, Dq e N such that gpQ G NMAN and D £ N\{1}. Set 
lj. = w^ £ M. Then, 

(i) n{g-^fi{gDo)) = Do 

(a) n{wn{wD)) = c^{D) 

(in) m{'wn(wv)) = iim{'wv)~^ 

(iv) a{wn{'wi')) = a('wi')^^ 

(v) l{wn{w9)) — ^l{'wv)~^ 

Proof. Write gD^ with respect to NP as gD^ ~ fi[gDo)p. Then 

g~^n{gDo) = g^^n{gPo)pp^^ = g^^g^op^^, 

and (i) is a consequence of unicity in the decomposition according to NMAN. (ii) 
follows from the remark that if g S G is such that fi{g) exists and m g M, then 
ri{gm) ~ n{g). Indeed, 

fi{wfi{wD)) = n{wfi{w~^ fiD)) = n{wn{w~^ Ci^i{p))) , 

hence the result. Finally, if wD = uqPq with po ~ moagno and wfio = fiipi with 
Pi = miaini, then 

■ho = w~^nipi = wfi~^hipi = wCfj_-i{fii)ii~^pi 

hence 

wP = wc^-i {hi)ii^^pipo = wc^-i {hi)ii^^mimoaiaon' , 
for some n' G N. Since m{'wn{wiy)) = mi and a{wn{wi')) — ai, formulas (iii) and 
(iv) follow, thus implying (v). □ 

The next result makes the effect of the 'translation' by w explicit from the point 
of view of the measure on N. 

Lemma 3. For f G L'^iN), 

[ /(n(w))e-2pi°g''(™p)(fz^ = f f{D)dD. 
Jn J n 

Proof. Since w £ K, the map : / i — > /(w-) preserves the G*(i)-norm on 
£{G/N) ~ L'^{N) ig) C*{L). Denote P the map of Theorem [3] defined on elementary 
tensors of Cc{N) ® Cc{L) by 

P{f ® tp) : nma i — > 6-^^°^'' f{n)ip{ma). 

For any x € NMA and Iq G L, it is clear that n(xlo) = n{x) and l{xlo) = l{x)lo. 
Consequently, if hma G TV A/A, 

P{f (g> (p){wnma) = e-'''°s"e-'''°s°("'«'/(n(wn))v3(i (wn)ma), 

and is given on L'^{N) (g) C*(L) by 

L^f ® f)ihma) = e~P^°^''^'""'^ fin{wn))XLiliwn)){ip){ma). 

Since the G*(L)-norm is given in the open picture by |/ (p\'^ = ||/||2'y9*'y5 and 
preserved by L^, denoting fw{n) = e~P^°^°''-^"^ /{fi^wh)), we get 

11/^112 = II/II2, 

^In the case of G = SL2(K), the group TV is a real Kne on which the flag manifold G/P ~ §^ 
surjects. 
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since the action of Xl{1{w7i)) does not affect the norm. This proves the proposition 
for positive functions, and the result follows by linear combination. □ 

Let us finally describe the effect of conjugating D by elements of L on the de- 
composition of w^^D according to NMAN. 

Lemma 4. Let Iq — mooo G L and v £ N . Then, 

(i) m{w~^ci„{v)) = Cw{mQ)m{w~^i))'m^^ 
(a) a{w~^ciQ{i>)) = a^'^a{w~^P) 
(in) l{w~^cig{D)) = Cw{mQ)l{w^^v)l^^ag^ 

Proof. {Hi) clearly follows from {i) and {ii). For those, 

w^^l^^^vlf) = a^JJ-l{lQ^)w~^vlQ ~ c^,-i{l^^)n'l{w~^v)n'lQ 
= n" c^-i{lQ^)l{'w^^v)lQn" , 

with n', n" G N and n', n" G N . {i) follows from identifying the M components. 
Taking into account the fact that Cw acts on A as the inverse map a i-^ a~^, 
identifying the M components proves (ii). □ 

6.2. Proof of the convergence. Let us now turn to standard intertwining in- 
tegrals. As explained at the beginning of the previous paragraph, the theory of 
intertwining operators relies on the possibility to make sense of certain integral 
formula. In the classical context, it is meant to intertwine the representations tt^^^ 
and TTw.(7,w.xt that is in particular to turn iV-invariant functions into iV-invariant 
functions. It appears that the intertwining properties would be satisfied by the 
operator 1^ given on a A'^-invariant function F by 

IwF{g) = / F{gwn) dn 
J N 

if it made sense. 

We will prove the following statement: 
Theorem 5. The standard integral 



F{gwn) dn 
defines a linear map CdG/N) C{G/N). 



N 



The proof will be carried out in the open picture. To this purpose, we denote 
Jw the integral formula obtained by applying /„, to elementary tensors in the open 
picture of £{G/N). Namely, for / (g) G Cc{N) ® Cc{L) and xq — fiomoao, 

lyjU ® ^){xo) ^ 6^^°^^"°^ [ e-P^°^''^'"'"'^^fin{xowD))f{l{xowD))dD. 

Notation 6. The automorphism of C*{L) induced by the conjugation Cw of L is 
denoted a i-^ a™ . 

Proposition 10. Assuming that either side is defined, the equality 

1w{f ® v){xo) =^ I f{noD) [?7j(„,-ip)(^] (la) — 
holds for f ® Lp E Cc{N) ® Cc{L) and xq = nomoao- 
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Proof. The identities 

a{xowP) — aoa{wh') 
fi{xowD) = noCig{fi{wD)) — nolofi{wD)lQ^ 
are clear. They imply that 



\ 
N 



The change of variables ^ n{wv) leads via Lemma [3] to the expression 
which simplifies to 

g-pioga(».)^ [noQo(cM(i^))] ^ [lol^liwP)-'] dP, 



e 

N 



N 

using Lemma [21 

We computed the modular function mod c/ = g-2pioga ^ _ ^-^^ ^ ^ earlier. 
Besides, since ^ = € M, it follows that wc^-i{P) ~ wfi^^Dji = w^^D for P £ N 
hence a(wc^-i(i/)) = a{w~^i') and m{wc^^i{v)) = m(w^^P)^, which leads to 
l{'wc^-i{i')) = l{w~^D)fi. We deduce from the previous remarks and Proposition [4] 
that: 



JN 

= f e-P'°^''^'-''''^f[noCi,ii?)]ip[loliw-'D)-']d9 

JN 

= mod (C;-ij I e 'o /(UQiyjip IqI{w C;-i(z^jj a 



^0 

^-2plog an 



e 



mod^(Qj 
Since Cu,(ao) = ac7^) it follows that 



'N 

Using the notations ip t—y ip"^ for the action of w on C*{L) and |n| for the norm 
function introduced before, we finally get the expected expression. □ 

Let us now establish the convergence for compactly supported functions in the 
open picture. 

Proposition 11. Let f ® ip £ Cc{N) ® Cc{L) and xq — uqIq = nouioao. The 
integral 

Iw{f <S (p){xo) = [ f{noD) [Ui(^-ii^)pY' {Iq)'^ 
JN r I 

is convergent. 
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Proof. Since Supp/ is compact, the integration domain is a compact subset of 
N. Therefore, / and (p being continuous, it is enough to study integrabihty near 1, 
where jiy may introduce singularity. Since Iq is fixed, l{'w~^P)~^l'^^ runs out of any 

compact of L as ^ 1. Indeed, identifying A to via a i-^ e'''"^'-"-', it appears that 
a{w~^i>) as P ^ 1. It follows that [J7i(u,-ip)</'] (^o) = f {liw~^i>)~^Cw{lo)) is 
in a neighbourhood of = 1, so that the integral is well-defined. □ 

Let us now give the proof of Theorem [5l We want to prove that the standard 
intertwining integral 



IwF{x) = I F{xwn) dn 
Jn 

makes sense for F e Cc{G/N) C £{G/N). 



Proof of Theorem[M Let F G Cc{G/N). Since G has real rank 1, the Bruhat 
decomposition implies that G = NP U w^^P, as we have seen before. Denote 
p : G/N G/P the natural projection. Let us first assume that the projection 
Suppi^ does not contain the class [w~^] = [w] of . Then F is supported on a 
compact subset oi N x L and may thus be seen as a function on N, taking values 
in Gc{L). 

Then the expression of Iu,F is identical to the one obtained in the open picture, 
up to variable separation : 

IwF{no) = / U^^-ifi^F{non) —. 

Jn FI 

The proof of Proposition [iT] appHes, replacing the factors / and (j) of an ele- 
mentary tensor by the partial maps obtained by fixing separately the components 
relative to N and L. 

We can now turn to the general case: let u be a compactly supported continuous 
function on G/P, taking values 1 on a neighbourhood of [w] and on a neighbour- 
hood of [1], so that (u, 1 — m) is a partition of unity. This partition can be lifted to 
G/N via p so that F decomposes to 

F ^p*uF + p*{l - u)F. 

The case of — u)F was treated above: the support of this function avoids 
[w"^] by construction. Consider p*uF: after composing with the left translation 
L(w) the same condition on the support holds. Consequently, it makes sense to 
apply Iw to L{w)p*{l — u)F. Since 1^, is G-equivariant, it follows that it also applies 
to the second term in the sum, hence to F, which concludes the proof. □ 

Remark 8. The standard intertwining integral can also be expressed in the induced 
picture. More precisely, we proved in [5j that if F £ £°, this integral can be written 



IwF{x) = / Ui(^^-in)F{xn) 

JN 



for x G G/N, and is well defined because of Theorem [5] and the equivalence of the 
different pictures. This expression coincides with the one obtained for a function 
F e Gc{G/N) satisfying the appropriate condition of support, as used in the proof 
of Theorem O when we restrict it to N. 
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To conclude this section, we remark that the interesting feature of this Hilbert 
module point of view concerning intertwining integrals is that no meromorphic 
argument is required to obtain a well-defined object. The drawback is that /„, does 
not take its values in £{G/N), as may be easily observed in the case of SL2(M). 
This phenomenon is the analogue of the existence of poles in the theory of Knapp 
and Stein, and is measured by a certain Radon measure on L (see [5] for these two 
last facts). The main problem implied by this fact, is that it makes it impossible 
to compose the intertwining operators, which is a critical step in the method of 
[m [T2] . We came over this problem in [5] by other means in some special cases 
which will be the subject of another work. 

7. Images of C*{G) 

Results of Lipsman [14] and Harish-Chandra |lj establish that the unitary equiv- 
alence classes of the P-series representations, for all possible P, can be partitioned 
according to the associativity classes of the inducing subgroups. This leads to the 
following decomposition of the reduced dual into a disjoint union 

Gr = |_J Gp, 

[P] , P cuspidal 

where Gp denotes the set of irreducible components obtained from the P-series 
representations. This result, in relation with the Plancherel formula, discribes the 
reduced dual as a measured space. In order to understand it as a noncommutative 
topological space, we need to take the reducibility phenomena into account. Those 
were dealt with by Knapp and Stein [HI [12] by means of their intertwining opera- 
tors, describing the intricate action of Weyl groups. The structure of the C* -algebra 
was described in [18] for the cases where Gr is Hausdorff, and in [19] by means of 
the operators of Knapp and Stein. 

We indicate here how the Hilbert modules £{G/N) are likely to provide a more 
C*-algebraic framework in order to analyse C*{G) with respect to the Levi com- 
ponents of cuspidal parabolic subgroups. 

We no longer assume the real rank of G to be 1, but we consider P = MAN 
minimal parabolic, which is a necessary and sufficient condition for M to be com- 
pact. 

Proposition 12. The left action of C*{G) on £{G/N) induces a *-morphism 

G;(G) — > Co{MxA,JC) 

Proof. Still denoting ejv : C*{P) ~» C*{L) the canonical surjection, let t be the 
map 

C >^ G ~ G*(G) — > C{G/P) >^ G ~ K.{£{G)) 

coming from the Imprimitivity Theorem of Rieffel, taking into account the com- 
pactness of G/P. Let tn = T 1. Then 

TAT : C*{G)^IC{£{G/N)). 

Since P is amenable, all its actions are. The Imprimitivity Theorem implies that 
the action of G on G/P is Morita-equivalent to the one of P on G/G [l], hence 
amenable too [2]. It follows that G(G/P) x G is isomorphic to G(G/P) x^G, where 
C*{G) acts naturally. The situation is summed up in the following diagramm. 
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TN- C*{G) ^C(G/P)xG ^IC{£{G/N)) 

Co{MxA,IC) 

□ 

It seems that the result extends to the cuspidal case with a *-morphism 

C;(G)^Co(Mdxl,/C). 

The purpose of our further work will be to describe the image of this morphism, 
which will involve a significant use of the unitary operators that arise by normalising 
the intertwining integrals studied above (see [5] for the cases of SL2(M) and SL2(M)). 
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